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CONFIGURATION LIE GROUPOIDS AND ORBIFOLD BRAID
GROUPS
S.K. ROUSHON
Abstract. We propose two definitions of configuration Lie groupoids of a Lie
groupoid. In both the cases we prove a Fadell-Neuwirth type fibration theorem
for a certain class of Lie groupoids, and give infinitely many examples of Lie
groupoids where it fails. The second purpose of this article is to deduce a
short exact sequence of fundamental groups of the configuration Lie groupoids
of a family of Lie groupoids, including the above examples. As a consequence,
we see that a large class of orbifold braid groups have iterated semi-direct
product of virtually finitely generated free group structures, which generalizes
the classical braid group case.
Finally, combining this semi-direct product structure and a recent result
([3]), we deduce the Farrell-Jones isomorphism conjecture for the above class
of orbifold braid groups. This also implies the conjecture for the case of the
Artin group of type D˜n, which was left open in [14].
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1. Introduction
For a topological space X and a positive integer n, the configuration space of
n-tuple of distinct points of X is defined by the following.
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2 S.K. ROUSHON
PBn(X) := X
n − {(x1, x2, . . . , xn) ∈ X
n | xi = xj for some i, j ∈ {1, 2, . . . , n}}.
This is also called the pure braid space of X . We make the convention that
PB1(X) = X .
It is an important and classical subject to study the topology and geometry of
the configuration space. This has applications in different areas of Mathematics
and Physics. [2], [7] and [5] are among some of the fundamental works on this
subject. The Fadell-Neuwirth fibration theorem ([7]) is the key fundamental result,
to understand the homotopy theory of the configuration spaces of manifolds of
dimension ≥ 2. The work in [1] turned the attention to consider 2-dimensional
orbifolds and its configuration spaces, as the orbifold fundamental group of this
configuration space has connection with the Artin groups. On the other hand, a
systematic and categorical way to study orbifolds is via Lie groupoids ([12]). In
this paper we define two notions of a fibration between Lie groupoids, generalizing
Hurewicz fibration, and also formulate two definitions of configuration Lie groupoids
of a Lie groupoid. Then, we prove a Fadell-Neuwirth type fibration theorem for a
class of Lie groupoids with respect to both the definitions, and show that outside
this class the fibration theorem fails for a large class of Lie groupoids. Finally, we
study the fundamental groups of the configuration Lie groupoids (with respect to
one definition) of Lie groupoids arising from a class S of 2-dimensional orbifolds,
whose underlying space is the complex plane with finitely many punctures. This
is done by proving a short exact sequence of fundamental groups, similar to the
one which results from the long exact homotopy sequence of a fibration between
aspherical spaces; although for many of these Lie groupoids we show that the Fadell-
Neuwirth fibration theorem fails. As a consequence, we prove that the orbifold
fundamental group of the configuration space of any orbifold from the class S, has an
iterated semi-direct product of virtually finitely generated free group structure. The
classical braid group has such a structure but with finitely generated free groups.
This semi-direct product structure is used to prove the Farrell-Jones isomorphism
conjecture for the orbifold fundamental group of the configuration space of any
member of S. This also settles the case of the Artin group of type D˜n, left open in
[14].
We conclude the introduction with a few words on the organization of the paper.
In the next section we state our main results, and also recall some basics required
for the statements. Section 3 contains some more background materials on Lie
groupoids and Artin groups. In Section 4, we give an introduction to orbifold braid
groups and prove some crucial basic results. The proofs of the main results are
given in Section 5.
2. Statements of results
In this article manifolds are assumed to be smooth, Hausdorff and paracompact,
and by a ‘map’ we will always mean a smooth map. Also by ‘fibration’ we will
mean Hurewicz fibration.
Let M be a connected manifold of dimension ≥ 2. Then, the Fadell-Neuwirth
fibration theorem ([7]) says that the projection map Mn →Mn−1 to the first n− 1
coordinates defines a locally trivial fibration f : PBn(M)→ PBn−1(M), with fiber
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homeomorphic to M −{(n− 1) points}. If M is a 2-manifold other than the sphere
and the projective plane, then this fibration always has a section.
Let G be a Lie groupoid with object space G0, and morphism space G1, which
is the union ∪x,y∈G0morG(x, y) of all morphisms x → y, as x, y varies in G0. s, t :
G1 → G0 are the source and the target maps, that is for a morphism α : x → y,
s(α) = x and t(α) = y. s and t are assumed to be smooth submersions. A
homomorphism f between two Lie groupoids is a smooth functor, and we denote
the object level map by f0, and the morphism level map by f1. For any x ∈ G0,
the set t(s−1(x)) of all points which are the targets of morphisms emanating from
x, is called the orbit of x. The space (with quotient topology) of all orbits is called
the base space, and is denoted by |G|. G is called a c-groupoid, if this quotient
map κ : G0 → |G| is a covering map. G is said to be Hausdorff if the space |G|
is Hausdorff. Clearly, a c-groupoid is Hausdorff. For x ∈ G0, the star Stx at x
is defined by s−1(x) = ∪y∈G0morG(x, y). Stx is a submanifold of G1, since s is a
submersion. The dimension of the manifold G0 is called the dimension of the Lie
groupoid G. More details on Lie groupoids are given in Section 3.
2.1. Fibrations of Lie groupoids and Fadell-Neuwirth fibration theorem.
To define one of the notions of a fibration between Lie groupoids, we need to
generalize the construction of a Lie groupoid from a Lie group action on a manifold
to a Lie groupoid action on a manifold (see Example 3.1).
Definition 2.1. Given a Lie groupoid G and a manifold M , M is called a (left) G-
space if there is a smooth map pi :M → G0, and an action map µ : G1 ×G0 M →M
satisfying the following properties. For α ∈ G1 and x ∈ M with pi(x) = s(α)
(defining the fiber product), pi(µ(α, x)) = t(α). Finally, if pi(x) = y then µ(1y, x) =
x and µ(α, µ(β, x)) = µ(αβ, x) for β ∈ morG(y, w) and α ∈ morG(w, z).
Definition 2.2. Let H and G be two Lie groupoids and f : H → G a homomor-
phism, so that f0 : H0 → G0 is a submersion fibration.
• f is called an a-fibration if H0 is a G-space with f0 = pi, H1 = G1 ×G0 H0 and
f1 is the first projection. The source and the target maps of H are respectively the
second projection and the action map.
• f is called a b-fibration if the mapH1 → G1×G0H0 defined by α 7→ (f1(α), s(α))
is a surjective submersion.
Remark 2.1. The idea of an a-fibration comes from the way covering Lie groupoid
of a Lie groupoid is defined. See [12]. The same framework works to define a fiber
bundle or vector bundle on a Lie groupoid also. And the b-fibration definition is
primarily motivated from [9]. It can be shown that the second condition in the
definition of a b-fibration is equivalent to demanding that f1|Stx : Stx → Stf0(x) is
a submersion for all x ∈ H0.
Now, we are in a position to define the configuration Lie groupoids of a Lie
groupoid.
The first definition is given below, which facilitates to prove an a-fibration type
Fadell-Neuwirth fibration theorem.
Definition 2.3. Let G be a Hausdorff Lie groupoid. The a-configuration Lie
groupoid PBan(G) of G has the object space defined as follows.
PBn(G)0 := G
n
0 − {(x1, x2, . . . , xn) ∈ G
n
0 | t(s
−1(xi)) = t(s
−1(xj))
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for some i, j ∈ {1, 2, . . . , n}}.
Since G is Hausdorff, PBn(G)0 is an open set in G
n
0 . This follows from the fact that
(κn)−1(PBn(|G|)) = PBn(G)0 and PBn(|G|) is open in |G|
n, as |G| is Hausdorff.
Therefore, PBn(G)0 is a smooth manifold.
The morphism space, the source and the target maps are defined inductively.
We denote these maps for PBan(G) with a suffix ‘n’, with the understanding that
the corresponding maps with suffix ‘1’ are those of G.
For n = 1, by convention PB1(G)0 = G0. Therefore, define PB
a
1 (G)1 = G1.
Hence, PBa1 (G) is a Lie groupoid.
Assume, we have defined PBan−1(G)1 and the structure maps so that PB
a
n−1(G)
is a Lie groupoid.
Define
PBan(G)1 := PB
a
n−1(G)1 ×PBn−1(G)0 PBn(G)0,
which is the fiber product of the source map sn−1 : PB
a
n−1(G)1 → PBn−1(G)0 and
the projection PBn(G)0 → PBn−1(G)0 to the first n − 1 coordinates. Note that,
PBan(G)1 is a smooth manifold because the projection map and the source map are
submersions.
Let αn = (αn−1, x) ∈ PB
a
n(G)1, then tn and sn are defined as follows.
tn(αn) = (tn−1(αn−1), xn), sn(αn−1, x) = x,
here x = (x1, x2, . . . , xn) ∈ PBn(G)0. Clearly, tn and sn are both smooth, but we
still have to check that tn(αn) lies in the appropriate space. That is, xn and the
coordinates of tn−1(αn−1) have distinct orbits. Note that, by induction,
αn−1 = (α1, (x1, x2), (x1, x2, x3), · · · , (x1, x2, . . . , xn−1)),
for some α1 ∈ G1 with s1(α1) = x1. Therefore, tn(αn) = (t1(α1), x2, . . . , xn−1, xn).
We have to check t1(α1) and xn have distinct orbits, which is clear, since x1 and
t1(α1) have the same orbit and x1 and xn have distinct orbits. This completes the
definition.
The following lemma gives the homomorphism which we need to show to be an
a-fibration.
Lemma 2.1. The projection PBn(G)0 → PBn−1(G)0 to the first n − 1 coordi-
nates and the projection PBan(G)1 → PB
a
n−1(G)1 to the first coordinate define a
homomorphism
F a : PBan(G)→ PB
a
n−1(G)
of Lie groupoids.
Now, we propose the second definition of the configuration Lie groupoid, which
will give a b-fibration type Fadell-Neuwirth fibration theorem.
Definition 2.4. We define the b-configuration Lie groupoid PBbn(G) of a Hausdorff
Lie groupoid G as follows. The object space is same as that of an a-configuration
Lie groupoid, that is PBn(G)0. Define the morphism space by
PBbn(G)1 := (s
n, tn)−1(PBn(G)0 × PBn(G)0).
Here (sn, tn) : Gn1 → G
n
0 × G
n
0 is defined coordinate-wise, that is
(sn, tn)(α1, α2, . . . , αn) = ((s(α1), s(α2), . . . , s(αn)), (t(α1), t(α2), . . . , t(αn))).
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Next, we need to give the homomorphism in this context, which will be a b-
fibration.
Lemma 2.2. The projection maps PBn(G)0 → PBn−1(G)0 and PB
b
n(G)1 →
PBbn−1(G)1 both to the first n− 1 coordinates, define a homomorphism
F b : PBbn(G)→ PB
b
n−1(G)
of Lie groupoids.
Remark 2.2. We will give some more details on the definitions of PBan(G), PB
b
n(G)
and the proofs of Lemmas 2.1 and 2.2 in Subsection 3.3.
Now, we are in a position to state our first theorem.
Theorem 2.1. Let G be a c-groupoid of dimension ≥ 2. Then, the homomorphism
F ∗ : PB∗n(G)→ PB
∗
n−1(G) is a ∗-fibration. Here, F
∗ is defined in Lemmas 2.1 and
2.2, for ∗ = a, b, respectively.
2.2. Counter examples and a short exact sequence. First, we recall the def-
inition of the homotopy groups of a Lie groupoid.
Given a Lie groupoid G, consider its classifying space BG. BG is defined as the
geometric realization of the simplicial manifold of composable arrows in G. That
is, consider the n-times iterated fiber product manifold defined by
Gn = G1 ×G0 G1 ×G0 · · · ×G0 G1.
Then G• defines a simplicial manifold and its geometric realization is defined as
BG. Up to weak homotopy equivalence this space is unique in the equivalence class
of G. The homotopy groups of G are then defined as follows. See [12].
pik(G, ∗) := pik(BG, ∗).
An a-fibration between Lie groupoids induces a fibration on their classifying spaces.
For this to happen for a b-fibration f : H → G, we need one of the following further
assumptions, to deduce that f1 is also a fibration.
• The map (f1, s) : H1 → G1 ×G0 H0 is a fibration, and the following diagram is
commutative.
H1
(f1,s)
//
f1
$$❏
❏
❏
❏
❏
❏
❏
❏
❏
❏
G1 ×G0 H0 //

H0
f0

G1
s
// G0
• The source map of H is a fibration and the source map of G is a covering map.
Then apply Lemma 5.1 to the following diagram.
H1
s
//
f1

H0
f0

G1
s
// G0.
Remark 2.3. Given an a-fibration f : H → G, the fiber over x ∈ G0 is the Lie
groupoid whose object space is the manifold f−10 (x) (since f0 is a submersion), and
the morphism space is Gx ×x f
−1
0 (x), with s(g, x˜) = x˜ and t(g, x˜) = µ(g, x˜), Here,
µ : G1×G0H0 → H0 is the action map. Therefore, by definition of homotopy groups
of a Lie groupoid as defined above, we have a long exact sequence of homotopy
groups of Lie groupoids induced by f . Similarly, one defines fiber of a b-fibration.
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Therefore, for c-groupoids, we can calculate the homotopy groups of the a-
configuration Lie groupoids inductively using the long exact sequence of homotopy
groups. Similar conclusion for b-configuration Lie groupoid, provided either, we
have the map (F b1 , s
n) is also a fibration and use the above remark or s is a cov-
ering map (and hence t also), which implies F b1 : PB
b
n(G)1 → PB
b
n−1(G)1 is a
fibration using the following commutative diagram.
PBbn(G)1
(sn,tn)
//
F b1

PBn(G)0 × PBn(G)0
F b0×F
b
0

PBbn−1(G)1
(sn−1,tn−1)
// PBn−1(G)0 × PBn−1(G)0
Next, we give an infinite series of examples of Lie groupoids which are not c-
groupoids, but still we can deduce a short exact sequence connecting the funda-
mental groups of PBbn(G), PB
b
n−1(G), and the fundamental group of the fiber of
the homomorphism F b : PBbn(G)→ PB
b
n−1(G). For an infinite subset of this series
of Lie groupoids, we observe that the Fadell-Neuwirth type fibration theorem fails
with respect to both the definitions of a fibration.
We denote by C(k,m; q) the complex plane with k punctures at the points
p1, p2, . . . , pk ∈ C, m marked points (called cone points) x1, x2, . . . , xm ∈ C −
{p1, p2, . . . , pk}, and an integer qi > 1 attached to xi for i = 1, 2, . . . ,m. qi is called
the order of the cone point xi. Note that, C(k,m; q) is a 2-dimensional orbifold and
hence can be realized by a Lie groupoid (see [12]). We denote this Lie groupoid by
G(S(k,m; q), H(k,m; q)), where H(k,m; q) is some finite group, determined by the
integers k,m and qi, acting on a 2-manifold S(k,m; q). See Example 3.3 for a detail
construction of this Lie groupoid. Furthermore, |G(S(k,m; q), H(k,m; q))| is home-
omorphic to C−{p1, p2, . . . , pk}. Hence, the Lie groupoid G(S(k,m; q), H(k,m; q))
is Hausdorff. Therefore, we can consider the configuration Lie groupoids of this Lie
groupoid.
The following Proposition gives the counter examples to Fadell-Neuwirth fibra-
tion theorem in the context of Lie groupoids.
Proposition 2.1. The homomorphism
F ∗ : PB∗n(G(S(0, 1; q), H(0, 1; q)))→ PB
∗
n−1(G(S(0, 1; q), H(0, 1; q))),
is not a ∗-fibration of Lie groupoids, where q1 = 2k for some positive integer k.
Here, for ∗ = a, b, F ∗ is defined in Lemmas 2.1 and 2.2, respectively.
LetM be a connected aspherical 2-manifold. Then, using the long exact sequence
of homotopy groups for the Fadell-Neuwirth fibration for M , we get the following
split exact sequence of fundamental groups.
1 // pi1(F ) // pi1(PBn(M))
f∗
// pi1(PBn−1(M)) // 1.
Here F =M −{(n− 1)−points}. The second surjective homomorphism is induced
by the fibration map f : PBn(M) → PBn−1(M), but we will give an explicit
pictorial description of this homomorphism in terms of braids, when M = C.
The above exact sequence also gives an interesting, and useful ‘iterated semi-
direct product of finitely generated free groups structure’ on the pure braid group
pi1(PBn(M)). See [6] for more on this subject.
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Proposition 2.1 says that the Lie groupoids G(S(k,m; q), H(k,m; q)) need not
have a Fadell-Neuwirth type fibration, nevertheless we can prove the following the-
orem directly.
Theorem 2.2. There is a split exact sequence of fundamental groups of Lie groupoids
as follows.
1 // pi1(F) // pi1(PB
b
n(X ))
F b∗
// pi1(PB
b
n−1(X )) // 1.
Here,
X = G(S(k,m; q), H(k,m; q))
and
F = G(S(k + n− 1,m; q), H(k + n− 1,m; q)).
Remark 2.4. For an orbifold, the orbifold fundamental group of the orbifold,
as defined in [17], is identified with the fundamental group of the associated Lie
groupoid as defined above. Furthermore, our second definition PBbn(G), of the
configuration Lie groupoid is the correct model of the Lie groupoid corresponding
to PBn(C(k,m; q)). This is in the sense, that they have the same fundamental
group. Since PBbn(G(M,H)) = G(PBn(M), H
n). See Example 3.3 for notation.
Therefore, the above exact sequence in Theorem 2.2 is equivalent to the following.
1 // piorb1 (F ) // pi
orb
1 (PBn(S)) // pi
orb
1 (PBn−1(S)) // 1.
Here, S = C(k,m; q), F = S−{(n−1)−regular points}. By regular points we mean
points which are not cone points, that is, points in C−{x1, . . . , xm, p1, . . . , pk}. In
fact, we will give proof of this exact sequence.
Consider the free action of the symmetric group Sn on PBn(C(k,m; q)) by per-
muting the coordinates. The quotient orbifold is denoted by, Bn(C(k,m; q)) =
PBn(C(k,m; q))/Sn.
Definition 2.5. The group piorb1 (PBn(C(k,m; q))) is called the pure orbifold braid
group of the orbifold S and piorb1 (Bn(C(k,m; q))) is called its orbifold braid group.
We get the following consequence on the structure of the orbifold braid group,
from Remark 2.4.
Corollary 2.1. The group piorb1 (PB
b
n(C(k,m; q))) has an iterated semi-direct prod-
uct of virtually finitely generated free group structure.
Proof. Note that piorb1 (F ) is isomorphic to the free product of the finite cyclic groups
of order qi, for i = 1, 2, . . . ,m, and a free group on k + n− 1 generators. 
2.3. Farrell-Jones isomorphism conjecture. Using Corollary 2.1 and a recent
result ([3]), we prove the following theorem. Before we give the statement of the
result, we recall that the Farrell-Jones isomorphism conjecture is an important
conjecture in Geometry and Topology, and much works have been done in recent
times. The conjecture implies some of the classical conjectures in Topology, like
Borel and Novikov conjectures, and provide a better understanding of the K- and
L-theory of a group.
Theorem 2.3. The Farrell-Jones isomorphism conjecture with coefficients and fi-
nite wreath product, is true for the orbifold braid group of the orbifold C(k,m; q).
Consequently, it is true for the Artin group of type D˜n.
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We recall that the case of the Artin group of type D˜n was left open in [14]. See
Problem at the end of [14].
The proof of Theorem 2.3 is short and does not require the exact statement
of the conjecture, but needs some widely published hereditary properties of the
conjecture, and some well-known results in this area. Therefore, we do not state
the conjecture, and refer the reader to [15] for more on this subject.
3. Some basics
We now recall some basic concepts and background which motivated this article.
Also, we complete some checking, left in the last section, including the proofs of
Lemmas 2.1 and 2.2.
3.1. Orbifold fibration. Defining a covering map between orbifolds is well-known,
it satisfies properties parallel to an ordinary covering map of spaces (see [17]). In
[17] a definition of an orbifold fibration was given but with fiber a manifold. There
are other definitions of an orbifold fibration in the literature, but those are with
assumptions suitable for some specific purposes. For example, these definitions
either give only ‘submersion’ or ‘path lifting property’ when restricted to manifolds.
We gave two definitions of a fibration for orbifolds in the Introduction, in the set
up of Lie groupoids, which satisfy the following properties.
• Orbifold fibration restricts to ordinary fibration for manifolds. That is, the
definition gives the Hurewicz fibration when there is no singularities in the orbifold,
that is for a manifold.
For the definition of a fibration for orbifolds, we needed to look at orbifolds as
Lie groupoids first, since making the class of orbifolds a category by giving the
most obvious definition of a morphism, depends on the orbifold atlases. One would
like to have a definition of a morphism independent of atlases. This problem was
solved in [12] by understanding orbifolds as Lie groupoids, and then considering
the category of Lie groupoids and generalized maps. A generalized map is a certain
equivalence class of homomorphisms.
Next, we recall some more details on Lie groupoids.
3.2. Lie groupoid. A groupoid is a small category G with all morphisms invertible.
We denote the object set by G0 and the union of all morphism sets as G1 :=
∪x,y∈G0morG(x, y). There are the following structure maps to define a groupoid.
(ST ). s, t : G1 → G0 are defined by s(α) = x, t(α) = y, if α ∈ morG(x, y). α is
written as α : x→ y. These are respectively called the source and target maps.
(I). i : G1 → G1 defined by i(α) := α
−1 ∈ morG(y, x) if α ∈ morG(x, y). i is
called the inverse map.
(M). m : G1 ×G0 G1 → G1 is denoted by m(α, β) := β ◦ α ∈ morG(x, z) if
α ∈ morG(x, y) and β ∈ morG(y, z). This is called the multiplication or composition
map. Here, G1 ×G0 G1 = {(α, β) ∈ G1 × G1 | t(α) = s(β)}.
(U). u : G0 → G1 defined by u(x) = idx ∈ morG(x, x), called the unit map.
These maps should satisfy the following.
(C). The multiplication is associative, that is, f ◦ (g ◦ h) = (f ◦ g) ◦ h whenever
they are defined. The unit map is a two-sided unit of the composition, which means
for all x, y ∈ G0 and α : x→ y, s(u(x)) = x = t(u(x)) and α◦(u(x)) = α = u(y)◦α.
Finally, α−1 is a two-sided inverse of α. That is α◦α−1 = u(y) and α−1 ◦α = u(x).
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Definition 3.1. A groupoid G is called a Lie groupoid if G0 and G1 are smooth
manifolds, all the structure maps are smooth and in addition s and t are submer-
sions. The last condition is necessary to make sure that the fiber product G1×G0 G1
is a smooth manifold. In a Lie groupoid G, the isotropy group at x ∈ G0 is defined
by Gx := morG(x, x). Gx is a Lie group.
Now, recall that if a discrete group H acts on a manifold M properly discontin-
uously, then the quotient M/H has an orbifold structure. In the following example
we see how to associate a Lie groupoid to this data, in a more general setting.
Example 3.1. Let M be a manifold and a Lie group H acting on M smoothly.
We construct a Lie groupoid G(M,H), called the translation groupoid, out of this
information. Define G(M,H)0 = M , G(M,H)1 = H ×M , s(h, x) = x, t(h, x) =
h(x), u(x) = (1, x), i(h, x) = (h−1, x) and (h′, h(x)) ◦ (h, x) = (h′h, x). When H is
the trivial group then G(M,H) is called the unit groupoid, and is identified withM .
If H is discrete and acts on M freely and properly discontinuously, then G(M,H)
is a c-groupoid.
In this paper we will be considering only the case when H is a finite group.
Definition 3.2. A Lie groupoid is called proper if the map (s, t) : G1 → G0 ×G0 is
a proper map. Consequently, for proper Lie groupoid Gx is a compact Lie group,
for all x ∈ G0. G is called a foliation groupoid, if Gx is discrete for all x ∈ G0. An
orbifold groupoid is by definition a proper foliation groupoid. Hence, an orbifold
groupoid has finite isotropy groups. For an orbifold groupoid G, |G| is the orbifold,
on which G is the Lie groupoid structure (see [12]).
Remark 3.1. An orbifold groupoid is Hausdorff since it is proper.
Example 3.2. If a discrete groupH acts on a manifoldM properly discontinuously,
then G(M,H) is an orbifold groupoid.
Example 3.3. Consider the orbifold C(k,m; q). Let B be a big enough closed disk
in C, which contains the punctures and cone points of C(k,m; q) in its interior.
Remove small disjoint open disks (contained in the interior of B−{x1, x2, . . . , xm})
around the puncture points, name the resulting space B′. Let DB′ be the double
of B′. Then DB′ is a closed and good 2-dimensional orbifold. This follows from
[17]. Hence DB′ has a finite sheeted orbifold covering which is a smooth manifold.
Therefore, we conclude that C(k,m; q) also has a finite sheeted orbifold covering,
say S(k,m; q), which is a smooth manifold. Let H(k,m; q) be the group of covering
transformations of this orbifold covering. Hence, by Example 3.1, C(k,m; q) is
realized as the Lie groupoid G(S(k,m; q), H(k,m; q)).
3.3. PBan(G), PB
b
n(G), F
a and F b. We have already defined the source (sn) and
the target (tn) maps for PB
a
n(G) in the Introduction, and observed they are smooth.
Now, we define the other structure maps and show that they are smooth and satisfy
the conditions in C of the definition of a groupoid. Recall that
PBan(G)1 := PB
a
n−1(G)1 ×PBn−1(G)0 PBn(G)0.
Since PBan(G)1 = G1, we again use induction to define the other maps. So, as-
sume we have defined the inverse, multiplication and the unit maps for PBan−1(G)1
and they are smooth, and satisfies the conditions in C.
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Let αn = (αn−1, x) ∈ PB
a
n(G)1. Define i(αn) = (α
−1
n−1, x). Next, define u(x) =
(id(x1,x2,...,xn−1), x) for x = (x1, x2, . . . , xn) ∈ PBn(G)0.
Recall that sn(αn) = x and tn(αn) = (tn−1(αn−1), xn). Let α
′
n ∈ PB
a
n(G)1,
so that tn(αn) = sn(α
′
n). This implies (tn−1(αn−1), xn) = x
′ = (x′1, x
′
2, . . . , x
′
n).
Therefore, tn−1(αn−1) = (x
′
1, x
′
2, . . . , x
′
n−1) = sn−1(α
′
n−1). By induction, we define
α′n ◦ αn = (α
′
n−1 ◦ αn−1, x).
Clearly, all the maps defined above are smooth. The checking of the conditions
in C are straight forward.
Now we consider the case PBbn(G). Recall that,
PBbn(G)1 := (s
n, tn)−1(PBn(G)0 × PBn(G)0).
The structure maps in this case are easily defined. Let α = (α1, α2, . . . , αn) ∈
PBbn(G)1 and x = (x1, x2, . . . , xn) ∈ PBn(G)0, then, define the source, target,
inverse and unit maps as follows.
s(α) = (s(α1), s(α2), . . . , s(αn)), t(α) = (t(α1), t(α2), . . . , t(αn)),
i(α) = (α−11 , α
−1
2 , . . . , α
−1
n ), u(x) = (idx1 , idx2 , . . . , idxn).
If α′ = (α′1, α
′
2, . . . , α
′
n) ∈ PB
b
n(G)1 with t(α) = s(α
′) then t(αi) = s(α
′
i), for all
i = 1, 2, . . . , n and hence we can define the multiplication as follows.
α′ ◦ α = (α′1 ◦ α1, α
′
2 ◦ α2, . . . , α
′
n ◦ αn).
Since s(α′i ◦ αi) = s(αi) and t(α
′
i ◦ αi) = t(α
′
i), for all i = 1, 2, . . . , n, and no two of
s(αi) or of t(α
′
i) have the same orbit, α
′ ◦ α is well-defined.
Finally, all of these maps are smooth and satisfy the conditions in C.
Next, we prove Lemmas 2.1 and 2.2.
Proofs of Lemmas 2.1 and 2.2. Recall that we need to proof that F a and F b are
homomorphisms of Lie groupoids. That is, they are smooth functors and commute
with the source, target, inverse, unit and multiplication maps of the domain and
range groupoids. This means the following.
Let f : K → L be a smooth functor between two Lie groupoids. Assume f is
defined by two maps f0 : K0 → L0 and f1 : K1 → L1 on the object and morphism
spaces. We denote the structure maps of K and L by the same notations. f is called
a homomorphism if f0 and f1 commute with the structure maps on the domain and
the range Lie groupoids. That is, the following are satisfied.
(a). s ◦ f1 = f0 ◦ s, (b). t ◦ f1 = fo ◦ t, (c). f1 ◦ u = u ◦ f0,
(d). f1 ◦ i = i ◦ f1, (e). f1 ◦m = m ◦ (f1 × f1).
Here, f1× f1 denotes the induced map K1 ×K0 K1 → L1 ×L0 L1, using (a) and (b).
Clearly, F a and F b are smooth functors. Showing the properties in the above
display, for them are straight forward, nevertheless, we check it for F a and leave
the F b case for the reader.
We check the equations (a) to (e) for F a. Recall that we denoted the source
and the target maps of PBan(G) by sn and tn respectively. Let n ≥ 2. Let αn =
(αn−1, x) ∈ PB
a
n(G)1. Then F
a
1 (αn) = αn−1, tn(αn) = (tn−1(αn−1), xn), sn(αn) =
x, u(x) = idx = (id(x1,x2,...,xn−1), x), i(αn) = (α
−1
n−1, x).
(a). We have (sn−1 ◦ F
a
1 )(αn) = sn−1(αn−1) = (x1, x2, . . . , xn−1), and (F
a
0 ◦
sn)(αn) = F
a
0 (x) = (x1, x2, . . . , xn−1).
(b). Note that, (tn−1◦F
a
1 )(αn) = tn−1(αn−1). On the other hand (F
a
0 ◦tn)(αn) =
F a0 (tn−1(αn−1), xn) = tn−1(αn−1).
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(c). (F a1 ◦ u)(x) = F
a
1 (id(x1,x2,...,xn)) = F
a
1 (id(x1,x2,...,xn−1), x) = id(x1,x2,...,xn−1),
and (u ◦ F a0 )(x) = u(x1, x2, . . . , xn−1) = id(x1,x2,...,xn−1).
(d). (F a1 ◦ i)(αn) = F
a
1 (α
−1
n−1, x) = α
−1
n−1. Next, (i ◦ F
a
1 )(αn) = i(αn−1) = α
−1
n−1.
(e). Let α′n ∈ PB
a
n(G) such that tn(αn) = sn(α
′
n), that is (tn−1(αn−1), xn) = x
′.
Then,
(m ◦ (F a1 × F
a
1 ))(αn, α
′
n) = m(αn−1, α
′
n−1) = (α
′
n−2 ◦ αn−2, (x1, x2, . . . , xn−1))
and
(F a1 ◦m)(αn, α
′
n) = F
a
1 (α
′
n−1 ◦ αn−1, x) = α
′
n−1 ◦ αn−1
= (α′n−2 ◦ αn−2, (x1, x2, . . . , xn−1)).
This completes the proof that F a is a homomorphism, that is, the proof of
Lemma 2.1 is complete. As we mentioned before that the proof of Lemma 2.2 is
similar. 
Example 3.4. If G is an orbifold groupoid, then the configuration Lie groupoids
PBan(G) and PB
b
n(G) are also orbifold groupoids. But for the same orbifold groupoid
G, the above two configuration groupoids, although have the same object space, they
define orbifold groupoid structures on different orbifolds. |PBan(G)| is a larger space
than |PBbn(G)|. In fact, there is a homomorphism PB
a
n(G)→ PB
b
n(G) which is iden-
tity on the object space and sends (α, (x1, x2), . . . , (x1, x2, . . . , xn)) ∈ PB
a
n(G)1 to
(α, idx2 , idx3 , . . . , idxn) ∈ PB
b
n(G)1.
3.4. Pure Artin space. In this subsection, we recall some basics on pure Artin
space of finite type Artin groups, to provide the counter examples as in Proposition
2.1.
Given a finite reflection group G, and its standard faithful representation in
GL(n,R), consider the hyperplane arrangement in Rn, where each hyperplane is
fixed pointwise by an involution of the group G. Next, complexify Rn to Cn and
consider the corresponding complexified hyperplanes. We call these complex hyper-
planes in this arrangement, reflecting hyperplanes associated to the finite reflection
group. Let PAG be the complement of this hyperplane arrangement in C
n. PAG is
called the pure Artin space corresponding to G. The fundamental group of PAG is
identified with the pure Artin group associated to the reflection group ([4]). Recall
that when G is the symmetric group of n letters then, PAG = PBn−1(C). There-
fore, one asks whether a Fadell-Neuwirth type fibration exists for PAG, for the
other finite reflection groups G. In general, if a hyperplane arrangement comple-
ment in Cn sits at the top of a tower of Fadell-Neuwirth type fibrations (possibly
after a linear change of coordinates at each stage) then, it is called a fiber-type
arrangement ([13]).
There is a finite reflection group, whose associated Artin group is called of Dn-
type. This particular Artin group is relevant for us, since it is known that the pure
Artin space of this Artin group is not fiber-type, by [[10], Example 8.2]. It is pointed
out there that theDn-type arrangement, for n ≥ 4, is not fiber-type as it satisfies the
Falk criterion ([[8], Proposition 5.1]). Also, in [[8], Example 5.3], it is observed that
this arrangement in Cn, contains the five hyperplanes z1 = ±z2, z3 = ±z4, z1 = z4
and therefore, the arrangement satisfies the Falk criterion.
Explicitly, the Dn-type hyperplane arrangement complement is given as follows.
PADn := {(z1, z2, . . . , zn) ∈ C
n | zi 6= ±zj for i 6= j}.
See [5].
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We define the following more general hyperplane arrangement complement, for
any positive integer k. We call it of Dkn-type.
PADk
n
:= {(z1, z2, . . . , zn) ∈ C
n | zi 6= ξ
rzj for i 6= j, r = 1, 2, . . . , 2k}.
Where ξ is a primitive 2k-th root of unity. Note that, for k = 1, PAD1
n
= PADn .
We observe that the above five hyperplanes are contained in the hyperplane ar-
rangement of type Dkn, and hence the Falk criterion is satisfied for D
k
n.
That is, we have the following from the above discussion.
Lemma 3.1. The projection to the first n− 1 coordinates PADk
n
→ PADk
n−1
does
not define a locally trivial fibration, for n ≥ 4.
Remark 3.2. Here we remark that the map PADk
n
→ PADk
n−1
, for n ≥ 4, is not
even a fibration. Since, if it is a fibration, then as it has fibers of real dimension
2, it will be a locally trivial fibration by [[11], Corollary 32], contradicting Lemma
3.1.
4. Orbifold braid groups
In this section we give a short introduction to orbifold braid groups. We also
prove few basic results on the orbifold braid group of the orbifold C(k,m; q), which
are needed to prove Theorem 2.2.
One can define (pure) braid group of n strings of C(k,m; q). Since the un-
derlying space of C(k,m; q) is an open subset of C, there are two different ways
one can do this, which give the same result (see [[1], p. 3]). First, it is topo-
logical and the second is pictorial way as in the classical braid group case. In
the former, one realizes C(k,m; q) as a 2-dimensional orbifold and then consider
PBn(C(k,m; q)). PBn(C(k,m; q)) is an orbifold (since it is an open set in the orb-
ifold C(k,m; q)n) and one considers its orbifold fundamental group. We call this
orbifold fundamental group, the pure orbifold braid group of n strings of C(k,m; q).
LetBn(C(k,m; q)) be the quotient PBn(C(k,m; q))/Sn, where the symmetric group
Sn acting on PBn(C(k,m; q)) by permuting coordinates. Being a finite quotient
of an orbifold, Bn(C(k,m; q)) is also an orbifold. The orbifold fundamental groups
of Bn(C(k,m; q)) is called the orbifold braid group of C(k,m; q). For basics on
orbifolds see [17].
The later pictorial definition is relevant for us. We describe it now from [1].
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Figure 1: A typical braid and the identity element.
Recall that any element of the classical braid group pi1(Bn(C)) is identified with
an equivalence class of a braid. An example of a braid is given in the first picture
of Figure 1. Two braids are called equivalent, if one can be obtained from the
other by moving the strings, fixing the end points, such that, in the process no two
strings touch or cross each other. Juxtaposing one braid over another gives the
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group operation. And, the identity element is the braid which joins the vertex j
to j, for j = 1, 2, . . . , n, and no two strings entangle each other, as in the second
picture of Figure 1. See [2].
Consider the complex plane with only one cone point x, that is C(0, 1; q). The un-
derlying topological space of C(0, 1; q) is nothing but the complex plane. Therefore,
Bn(C(0, 1; q)) is an orbifold when we consider the orbifold structure of C(0, 1; q),
otherwise it is the classical braid space Bn(C).
Therefore, although the fundamental group of the underlying topological space
of Bn(C(0, 1; q)) has the classical braid representation as above, the orbifold fun-
damental group of Bn(C(0, 1; q)) needs a different treatment. We point out here
a similar braid representation of the orbifold fundamental group of Bn(C(0, 1; q))
from [1]. The following pictures in Figure 2 shows the case of one cone point x.
The thick line represents x× I. Here S = C(0, 1; q).
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Figure 2: Orbifold braid.
The group operation is again given by juxtaposing one braid onto another, and
the identity element is also obvious.
Note that both the braids in Figure 2 represent the same element in pi1(Bn(C))
(in this case there is no thick line), but different in piorb1 (Bn(C(0, 1; q))), depending
on the order of the cone point.
In this orbifold situation the movement of the braids is restricted, because of
the presence of the cone points. Therefore, one has to define new relations among
braids, respecting the singular set of the orbifold. We produce one situation to
see how this is done. The second picture in Figure 3 represents part of a typical
element.
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    
   
 
 
 
 
=
S x 1 S x 1
S x 0S x 0
Infinite order braid
x
q=2, 4 crossings
p
Figure 3: Movement around a puncture and a cone point.
Now, if a string in the braid wraps the thick line x × I, q times (that is, 2q
crossings), then it is equal to the third picture. This is because, if a loop circles
q times around the cone point x, then the loop gives the trivial element in the
orbifold fundamental group of C(k,m; q). Therefore, both braids represent the
same element in the orbifold fundamental group of Bn(C(k,m; q)). Furthermore,
if the string wraps the thick line not in a multiple of q number of times, then it is
not equal to the unwrapped braid. For more details see [1].
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When there is a puncture p in the complex plane, then the braids will have to
satisfy a similar property, but in this case if any of the string wraps p× I at least
once, then the braid will have infinite order. See the first picture in the above
Figure 3. One can also think of p× I as a fixed string (see Remark 4.2).
We now recall that C(k,m; q) is the orbifold, whose underlying space is C −
{p1, p2, . . . , pk}, with cone points at xi ∈ C − {p1, p2, . . . , pk} of order qi for i =
1, 2, . . . ,m. Then, we have the following exact sequence.
1 // piorb1 (PBn(C(k,m; q)))
// piorb1 (Bn(C(k,m; q)))
// Sn // 1.
Therefore, elements of piorb1 (PBn(C(k,m : q))) are braids, where the strings join j
to j for j = 1, 2, . . . , n.
A typical element in piorb1 (PBn(C(k,m; q))) looks like A as in the following figure.
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Figure 4: An element A in piorb1 (PBn(C(k,m; q))).
Now, we describe a set of generators for piorb1 (PBn(C(k,m; q))).
Recall from [2], that pi1(Bn(C)) is generated by σi, i = 1, 2, . . . , n − 1, and
pi1(PBn(C)) is generated by the braids B
(n)
ij , i < j as shown below. Here, the
string from i to i is going below all the strings up to the string j − 1 to j − 1.
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Figure 5: The generator σi of pi1(Bn(C)) and B
(n)
ij of pi1(PBn(C)).
A quick drawing shows the following.
B
(n)
ij = σj−1σj−2 · · ·σi+1σ
2
i σ
−1
i+1 · · ·σ
−1
j−2σ
−1
j−1.
Lemma 4.1. A set of generators for piorb1 (PBn(C(k,m; q))), is given in Figures
6,7 and 8.
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Figure 6: The generator Xij Figure 7: The generator Pij .
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Figure 8: The generator Bij.
Proof. Consider the classical pure braid group pi1(PBn+k+m(C)) and its generators
B
(n+k+m)
ij , i = 1, 2, · · · , n + k + m − 1; j = 2, · · · , n + k + m, i < j, as recalled
above. Let G be the subgroup of pi1(PBn+k+m(C)) generated by B
(n+k+m)
ij , i =
1, 2, · · · , n; j = 2, · · · , n+k+m; i < j. Clearly, any braid B representing an element
of G, has all the last k+m strings vertically straight and not entangling with each
other.
Now, we replace these last k+m straight strings by dotted lines and denote the
corresponding braid by B¯. That is, we introduced k +m punctures in C. Then,
clearly we have an isomorphism from G and pi1(PBn(C(k +m, 0; q))), sending B
to B¯. Since, the compositions in G and in pi1(PBn(C(k +m, 0; q))) are same, that
is, juxtaposition of braids. Furthermore, any string going around any of the dotted
line is of infinite order. Note that, considering the group operation in G and in
pi1(PBn(C(k+m, 0; q))), there is no difference between a dotted line and a straight
string.
Hence, the relations in a presentation of G with respect to the above set of
generators, and the relations in a presentation of pi1(PBn(C(k+m, 0; q))), in terms
of the generators B¯
(n+k+m)
ij , i = 1, 2, · · · , n; j = 2, · · · , n+k+m; i < j are identical.
Next, we replace the last m dotted lines in B¯, by thick lines, and denote it by B¯.
That is, we filled the lastm punctures by orbifold points of order qi, i = 1, 2, · · · ,m.
Then, the element B¯
(n+k+m)
ij , j = n+ k+1, · · · , n+ k+m has order qj−n−k, as we
described the orbifold braid groups before, from [1]. Hence, we get back the group
pi1(PBn(C(k,m; q))), and its generators are as described in the statement of the
Lemma. Since, clearly any element of pi1(PBn(C(k,m; q))) is of the form B¯, for
some B ∈ G. 
Remark 4.1. We denote by On : G → pi
orb
1 (PBn(C(k,m; q))), the surjective
homomorphism which sends B to B¯, we got in the above proof. We will need this
homomorphism later on.
Remark 4.2. From the above proof we also get that the pure braid group of n
strings, of the complex plane minus k points, can be embedded into the classical
pure braid group of n+k strings. And, for k = 1, this embedding is an isomorphism.
Lemma 4.2. Let A ∈ piorb1 (PBn(C(k,m; q))) satisfying the following property.
• A is equivalent to a braid which has all the first n − 1 strings not entangling
with each other, they are vertically straight and only the string from n to n (say
N) is entangling with some (or all) of the first n − 1 strings or the dotted or the
thick lines. Furthermore, points on N are in monotonically decreasing height from
the base S × 0, as we go down along N .
Then, A is equivalent to a juxtaposition of the following braids or their inverses.
Xnr, r = 1, 2, . . . ,m; Pns, s = 1, 2, . . . , k; Bin, i = 1, 2, . . . , n− 1.
16 S.K. ROUSHON
Remark 4.3. Clearly, the braid A in Lemma 4.2 lies in the kernel of the homo-
morphism ∆ : piorb1 (PBn(C(k,m; q))) → pi
orb
1 (PBn−1(C(k,m; q))), where ∆ sends
a braid of n strings to the braid of n− 1 strings, after removing the string from n
to n. It will be interesting to know if the condition in • of Lemma 4.2 is true for
any element of the kernel of ∆. But we do not need it in this generality. We will
be using the lemma in cases where • is easily checked.
Proof. We start with a concrete example to describe our method of the proof. Then,
we will give the proof in the general case.
Consider the following braid A as in Figure 9. For simplicity we do not consider
the dotted or thick lines. Here, all the other strings, which are not shown, are
vertically straight (non-entangling, like the string n− 1 to n− 1), and lie above the
string N and the strings i to i and j to j.
n nn
B
B
B
−1
B
−1
B
−1
j
i
j
i
j
i j i j i j
n
n
n
n
n
N N
n−1 n−1 n−1
A 
n−1 n−1 njii j
i j n−1 n
B 
n
B nB nB
−1
jn B
−1
i B
−1jnnj iB = 
Figure 9: A concrete example.
Then, we stretch certain portions of the braid and get an equivalent braid B.
The portions are circled. The string N in the first circle (over-crossing) is stretched
to the right, below all the strings up to the point n. This is shown in the first
two strips of the third picture. Similarly, the string N in the second circle is again
stretched below all the strings up to the point n. Similarly, we stretch the D-type
crossing in the third circle and the over-crossing in the fourth circle. Clearly, this
new braid B is equivalent to A. We then draw horizontal lines at the point of
stretching as shown in Figure 9, and see that each strip is a braid of the type Bkl.
Clearly, B = BjnBinB
−1
jn B
−1
in B
−1
jn .
Following [1], we give a geometric proof for the general case using the above
method of stretching.
So, let A be a braid satisfying the condition • in the statement.
We define two kinds of crossing as follows. By an over-crossing we mean, N is
crossing over a string, a thick line or a dotted line, and similarly an under-crossing
is defined. The inverse of a particular part of the braid is defined by replacing the
over-crossing by under-crossing and vice-versa.
Next, we draw horizontal straight lines on A at suitable heights, so that each hori-
zontal strip looks like one of the figures B,X, P,B1, · · · , B4, P1, · · · , P4, X1, · · · , X4,
BX3, BX4, PX3, PX4 and their inverses, as shown in Figures 10,11 and 12.
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X 1 X2
2
21
P
B B
1 P
n−1n−1
n−1 n−1L
L
L
L
L
L
Figure 10: D-type and D-type crossings.
B
X
P
Figure 11: Simplifications of immediate similar crossings.
P
B B
P
n−1n−1
n−1 n−1
3 4
3 4
n−1
n−1
4
n−1
n−1
4
X X3 4
PX3 PX
BXBX
3
Figure 12: Consecutive crossings.
A D-type crossing is defined as a crossing of the type as shown in B2, P1 and X1
(or their inverses), and a D-type is as shown in B1, P2 and X2 (or their inverses).
The following three moves or stretching do not change the equivalence class of
the braid A. We apply these modifications in the sequence it appears below.
1. Two immediate under-crossings or over-crossings over the same string, dotted
or thick lines are simplified by the moves as in Figure 11.
2. The D-type crossing B2 is stretched up to the point n, going under all the
strings as shown in Figure 13. And, similarly the D-type crossings P2 and X2 are
stretched up to the point n, going under the dotted or thick lines as shown in Figure
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13. We also draw horizontal lines (L′) at the points of stretching, as shown in the
figure.
X2
2
2
B
P
n−1
n−1 n−1
n
n
n−1
n L’
L’
L’
L
L
L
Figure 13: Stretching D-type and D-type crossings.
Now, our aim is to modify the over-crossings and create P1, X1 or B1 type
crossings and under-crossings, so that, there is no more isolated over-crossings.
Some isolated over-crossings are shown in Figure 12.
Note that after the previous step there is no crossing of types B2, P2 or X2.
3. If an over-crossing over a string is part of a D-type crossing, then we ignore it,
otherwise we stretch it below all the strings up to the point n, as shown in Figure
14, B4. And, if an over-crossing over a thick or dotted line is part of a D-type
crossing, then again we ignore it, otherwise, we stretch it below all the thick or
dotted lines up to the point n as shown in Figure 14, P4 and X4. Similarly, the
over-crossings as in BX3, BX4, PX3, PX4 are treated.
X
B
P
n−1n−1
n−1 n−1
4
4
4
n
n
n
L’’
BX3
n−1n−1
n L’’
L’’
L’’
Figure 14: Stretching over-crossings.
Here, note that the stretching in the second step may create at the most one
over-crossing, and stretching an over-crossing in the third step does not create
any more complication (isolated over-crossings). Therefore, the above modification
stops after finite number of stages.
We can now conclude that the modified string, say N again, from n to n still has
the property that the points on it are in (monotonically) decreasing height from
the base. Furthermore, every over-crossing on a string is part of a D-type crossing
and every over-crossing over a thick or dotted line is part of a D-type crossing, and
all other crossings are under-crossings. Therefore, the string N is equivalent to a
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juxtaposition of members of {Xnr, Pns, Bni} or their inverses. For this splitting we
need to take help of the lines in L, L′ and L′′, as demonstrated in the concrete
example (Figure 9). 
Next, we apply Lemma 4.2 to prove the following proposition, crucial for this
paper.
Proposition 4.1. The following three sets of braids generate a normal subgroup
H of piorb1 (PBn(C(k,m; q))).
Xnr, r = 1, 2, . . . ,m; Pns, s = 1, 2, . . . , k; Bin, i = 1, 2, . . . , n− 1.
Proof. By Lemma 4.1, piorb1 (PBn(C(k,m; q))) is generated by {Xij , Pij , Bij}.
Therefore, it is enough to prove that ZY Z−1 ∈ H , for all Z ∈ {Xij , Pij , Bij}
and Y ∈ {Xnr, Pns, Bin}. That is, we need to show that ZY Z
−1 is a juxtaposition
of elements in {Xnr, Pns, Bin} or their inverses.
There are the following nine cases to consider.
(1) XklXnrX
−1
kl , (2) XklPnsX
−1
kl , (3) XklBinX
−1
kl ,
(4) PklXnrP
−1
kl , (5) PklPnsP
−1
kl , (6) PklBinP
−1
kl ,
(7) BlkXnrB
−1
lk , (8) BlkPnsB
−1
lk , (9) BlkBinB
−1
lk .
We only have to show that all the above nine cases satisfy the condition • of
Lemma 4.2. As there are only three braids in each case, we draw their picture and
observe that condition • is satisfied. We recall that, condition • says that the braid
under study is equivalent to a braid, where all the first n− 1 strings are vertically
straight and the points on the string N , are in monotonically decreasing height
from the base, as we go from top to bottom on N .
We can partition the above nine cases as follows, so that the cases in each
partition class need similar treatment.
A = {(1), (2), (4), (5)}, B = {(3), (6)}, C = {(7), (8)}, D = {(9)}.
Therefore, we give the proof for one case from each class, and then describe the
modifications required in the proof to prove the other cases.
Note that, in the pictures below the string N does not always look like to have
points in monotonically decreasing height from the base. But, we can clearly obtain
this by moving (in its equivalence class) the string a little. One more point to note
that, for clarity, in the pictures we do not show the other strings, the thick lines
or the dotted lines. Since, the movements of the strings are taking place under all
these other strings, thick lines or dotted lines.
First, we note that for k = n, there is nothing to prove in all the nine cases. So,
we can assume that k 6= n.
Class A. We give the proof for the Case (1). There are three possibilities to
consider; l = r, l < r and l > r.
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k n l
lnk
k n l r
k n l r
l < rl = r
k
k
n
n l
l
r
r
l > rN
N
N
Figure 15: Case (1), XklXnrX
−1
kl in Class A.
Now, we describe the other cases in Class A. Case (5) is exactly the same as
Case (1), we only have to replace the thick lines by dotted ones in Figure 15. Next,
note that in our presentation of the braids, the dotted lines appear before the thick
lines, and hence, for Case (2), only the third column in Figure 15 is needed with
the first thick line (corresponding to r) converted into a dotted line. Similarly, for
Case (4), the middle column in Figure 15 gives the proof, with the first thick line
(corresponding to l) converted into a dotted line.
Class B. We consider the Case (3) first. In this case also we have to consider three
possibilities: i = k, i < k and i > k.
k n l
lnk
l
i = k
i k n
li k n
l
i < k
N
N
k i n
k i n l
N
k < i
Figure 16: Case (3), XklBinX
−1
kl in Class B.
The treatment for Case (6) in Class B is exactly the same as Case (3) as in
Figure 16, but we have to replace the thick lines by dotted ones.
Class C. Cases (7) and (8) are the simplest of all the cases.
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n
n
l k
l k r
rn
n
l k r
l k r
N
Figure 17: Case (7), BlkXnrB
−1
lk in Class C.
Case (8) needs the same treatment as Case (7) as in Figure 17, with the thick
line replaced by a dotted one.
Class D. This case has several possibilities depending on where i lies. k < i, i < l,
i = k, i = l and l < i < k.
n n
nn
i < l
k
i l k
i k
i l k
li ll k
l k
i n l k
l k
i n
nini
k < i
n
n
k
k
l i
il
n
n
k
k
l i
il
l k
l k
l
l
l k
l k
l
l
n
n
k
k
l i
il
l < i < k
i = l i = k
n n
nn
k
k
n
n
k
k
n
n
N
N N
N
N
Figure 18: Case (9), BlkBinB
−1
lk in Class D.
Therefore, we have shown that Cases (1) to (9) satisfy the condition • of Lemma
4.2, and hence {Xnr, Pns, Bni} generates the kernel of ∆.
This completes the proof of the Lemma. 
Corollary 4.1. The homomorphism f∗ : pi1(PBn(C)) → pi1(PBn−1(C)), induced
by the Fadell-Neuwirth fibration f : PBn(C)→ PBn−1(C), has kernel freely gener-
ated by the elements B
(n)
in for i = 1, 2, · · ·n− 1.
Proof. First, recall that the kernel of f∗ is free. Then from Case (9) in the proof of
Proposition 4.1 and Lemma 4.2, the corollary follows. We need to specialize to the
case C only, that is, put k = m = 0. 
Remark 4.4. We now recall from Remark 4.1, the surjective homomorphism On :
G→ piorb1 (PBn(C(k,m; q))). Since, a presentation of the classical pure braid group
is well-known and G is a subgroup, it is possible to give a group theoretic proof of
Proposition 4.1 using On. But our geometric proof is transparent and easier.
5. Proofs
We start this section with the proof of the Fadell-Neuwirth type fibration theorem
for c-groupoids.
We need the following lemma.
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Lemma 5.1. Let f :M → N and g : N → L be surjective maps between manifolds.
If g is a covering map and g ◦ f is a fibration, then f is also a fibration.
Proof. By [[16], p. 95-96, Theorems 12, 13], it is enough to prove that f is a
local fibration, that is, N has a numerable covering by open sets {Ui}i∈I , so that
f |f−1(Ui) : f
−1(Ui)→ Ui is a fibration for all i ∈ I.
Since N is paracompact, every open covering has a numerable refinement. See
[[16], p. 95-96]. Therefore, since g is a covering map, there is a numerable open
covering {Ui}i∈I , such that for each i ∈ I, g(Ui) is connected, evenly covered by g
and g|Ui : Ui → g(Ui) is a diffeomorphism.
Now, showing that f |f−1(Ui) : f
−1(Ui)→ Ui is a fibration is straight forward. 
Proof of Theorem 2.1. Let G be a c-groupoid of dimension ≥ 2. That is, the quo-
tient map f : G0 → |G| is a covering map, and hence |G| is again a manifold of
dimension ≥ 2. We have the following commutative diagram.
Gn0 //
fn

Gn−10
fn−1

|G|n // |G|n−1
Here, the horizontal maps are projections and the vertical maps are covering maps.
Note that, the diagram induces the following.
PBn(G)0 //
fn|PBn(G)0

PBn−1(G)0
fn−1|PBn−1(G)0

PBn(|G|) // PBn−1(|G|)
By the Fadell-Neuwirth fibration theorem, since |G| is a manifold of dimension
≥ 2, the lower horizontal map is a locally trivial fibration. Since the two vertical
maps are covering maps, the top horizontal map is a fibration of manifolds by
Lemma 5.1.
Now, we check the other conditions of a- and b-fibrations.
Fa. To prove that F a is an a-fibration, we only have to show that PBn(G)0 is a (left)
PBan−1(G)-space, with the structure maps induced from the PB
a
n−1(G)-structure.
We recall the target map from Definition 2.3,
µ : PBan(G)1 = PB
a
n−1(G)1 ×PBn−1(G)0 PBn(G)0 → PBn(G)0
of the Lie groupoid PBan(G). This is defined as follows.
Let (x1, x2, . . . , xn) ∈ PBn(G)0 and
(α1, (x1, x2), . . . , (x1, x2, . . . , xn−1)) ∈ PB
a
n−1(G)1.
Note that s(α1) = x1, then define
µ((α1, (x1, x2), . . . , (x1, x2, . . . , xn−1)), (x1, x2, . . . , xn)) = (t(α1), x2, . . . , xn−1, xn).
The action map is nothing but the target map of PBan(G).
The remaining properties (see Definition 2.1) are easy to check.
Therefore, the homomorphism F a : PBan(G) → PB
a
n−1(G) is an a-fibration of
Lie groupoids.
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Fb. We now prove that the homomorphism F b is a b-fibration. For this we only
have to check that the map
PBbn(G)1 → PB
b
n−1(G)1 ×PBn−1(G)0 PBn(G)0
is a surjective submersion. But this follows from the following observations about
the different maps involved in the above display.
(i) Let (α1, α2, . . . , αn) ∈ PB
b
n(G)1. Then, this element under the above map
goes to
((α1, α2, . . . , αn−1), (s(α1), s(α2), . . . , s(αn))).
This map is obviously surjective, since s(1xn) = xn and we only need that the last
coordinate in the range has a preimage in G1 under s.
(ii) Next, note that the spaces involved are open sets in the product space Gn0
or Gn1 and the maps are either projections or the map s at the coordinate level.
Furthermore, s is a submersion by assumption.
This completes the proof of the theorem. 
Remark 5.1. A statement similar to Theorem 2.1 also holds by taking projection
to the first k coordinates, from PBn(G)0 to PBk(G)0, and by suitably modifying
Lemmas 2.1 and 2.2.
We now prove Proposition 2.1, which gives the counter examples to the Fadell-
Neuwirth fibration theorem, in the context of Lie groupoids.
Proof of Proposition 2.1. By Example 3.3 S(0, 1; q) = C, and the groupH(0, 1; q) =
Z2k is acting on S(0, 1; q) by rotation around the origin with angle
pi
2k . Recall that
q1 = 2k. Clearly, the object space of the Lie groupoid PB
a
n(G(S(0, 1; q), H(0, 1; q)))
(or PBbn(G(S(0, 1; q), H(0, 1; q)))) is the D
k
n-type hyperplane arrangement comple-
ment PADk
n
.
Therefore, the object level map of the homomorphism
F ∗ : PB∗n(G(S(0, 1; q), H(0, 1; q)))→ PB
∗
n−1(G(S(0, 1; q), H(0, 1; q)))
for ∗ = a, b, is nothing but the map PADk
n
→ PADk
n−1
of Lemma 3.1, which is not
a fibration by Remark 3.2.
Hence, F ∗ is not a ∗-fibration of Lie groupoids for ∗ = a or b.
This proves Proposition 2.1. 
Next, we give the proof of the short exact sequence of orbifold fundamental
groups of the configuration spaces of the orbifold C(k,m; q). This proof is the
crucial part of this paper. We follow the strategy of pictorial proof from [1].
Proof of Theorem 2.2. By Remark 2.4, we have to prove the exactness of the fol-
lowing sequence.
1 // piorb1 (F ) // pi
orb
1 (PBn(S))
∆
// piorb1 (PBn−1(S)) // 1.
Where, S = C(k,m; q) and F = S − {(n− 1)− regular points}.
First, let us recall that, when S = C then the above exact sequence is proved
using the long exact homotopy sequence of the Fadell-Neuwirth fibration.
The map pi1(PBn(C))→ pi1(PBn−1(C)) is obtained by removing the last string
in a braid, representing an element of pi1(PBn(C)). This is the main idea to un-
derstand the homomorphism ∆ in terms of braid pictures, and to prove the above
exact sequence.
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Now, following the braid presentation of elements of piorb1 (Bn(C(k,m; q))) as was
done in Section 4, we know that an element of piorb1 (PBn(C(k,m; q))) looks like A
as in Figure 4.
So, we send A to the braid ∆(A) ∈ piorb1 (PBn−1(C(k,m; q))) after removing the
last string from n to n, as is shown in the following picture.
 
      
        
   
   
    
   
     
   
 
p p p p
1 2 x
S x 1
S x 0
k−1 k
n−1
n−1
21
21 1 xmx2
x
m−1
Figure 19: The braid ∆(A) in piorb1 (PBn−1(C(k,m; q))).
Clearly, ∆ is a surjective homomorphism, as the law of composition is juxtapo-
sition of braids. Another way of seeing this is by putting the extra relations
Xnr, r = 1, 2, . . . ,m; Pns, s = 1, 2, . . . , k; Bin, i = 1, 2, . . . , n− 1
in the presentation of piorb1 (PBn(C(k,m; q))). A splitting map is defined by sending
∆(A) to an element A˜, with the string from n to n not entangling with any other
strings, dotted or the thick lines and going over all of them, as shown in Figure 20.
It is again easy to see that this splitting is a homomorphism.
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
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p p p p
1 2 xxx
S x 1
S x 0
kk−1
n
n
n−1
n−1
2
2
1
1 x1 2 m−1 m
Figure 20: The braid A˜ in piorb1 (PBn(C(k,m; q))).
Clearly, the braids in the set {Xnr, Pns, Bin} belong to the kernel of ∆.
Let ∆(A) be the trivial element in piorb1 (PBn−1(C(k,m; q))).
We want to prove that, A is equivalent to a juxtaposition of finitely many mem-
bers of {Xnr, Pns, Bin} or its inverses. Equivalently, we have to show that the braids
in {Xnr, Pns, Bin} generate a subgroup, which is normal in pi
orb
1 (PBn(C(k,m; q))).
Hence, we can use Proposition 4.1, to see that the kernel of ∆ is generated by
{Xnr, Pns, Bin}.
Now, recall that Xnr is of order qr, and the remaining two sets of generators are
of infinite order.
We will now show that {Xnr, Pns, Bin} have no relationship among themselves,
that is, the kernel of ∆ is isomorphic to
Cq1 ∗ Cq2 ∗ · · · ∗ Cqm ∗ C ∗ C ∗ · · · ∗ C ≃ pi
orb
1 (F ).
Here, Cqi is the cyclic group of order qi, C is infinite cyclic and there are k+ n− 1
number of factors of C in the above display.
Note that, by the Fadell-Neuwirth theorem, the kernel of PBn(C)→ PBn−1(C)
is a free group on n − 1 generators, and by Corollary 4.1, it is generated by B
(n)
in
for i = 1, 2, . . . , n− 1.
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Now, we replace the dotted and thick lines in the generators Xnr, Pns and Bin
by straight strings, number the strings and denote them by
X˜nr, r = 1, 2, . . . ,m; P˜ns, s = 1, 2, . . . , k; B˜in, i = 1, 2, . . . , n− 1.
These braids look as follows.
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Figure 21: The generators X˜nr. Figure 22: The generators P˜ns.
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Figure 23: The generators B˜in.
Then, {X˜nr, P˜ns, B˜in} generates a free group, since it is easily identified (using
the map On+k+m of Remark 4.1) with the subgroup of the kernel of
pi1(PBm+k+n(C))→ pi1(PBm+k+n−1(C)),
generated by
{B
(n+k+m)
in , B
(n+k+m)
nj , for j = n+ 1, . . . , n+ k +m; and i < n},
and we know that the above kernel is a free group.
Next, we put back the dotted and the thick lines, then, it is clear from Section
4, that we only have to put the relations Xqrnr, r = 1, 2, . . . ,m to get a complete
set of relations in the presentation of the kernel of ∆. Since, the relations in a
presentation of the subgroup generated by {X˜nr, P˜ns, B˜in} in pi1(PBm+k+n(C))
give, after removing the ,˜ the relations in a presentation of the subgroup generated
by {Xnr, Pns, Bin} in pi
orb
1 (PBn(C(k,m; q))), except the above finite order relations.
This is because the composition law in both the groups are same, juxtaposition of
braids. Therefore, the kernel of ∆ is isomorphic to piorb1 (F ).
This completes the proof of the theorem. 
We now give the proof of Theorem 2.3, that is, the proof of the isomorphism
conjecture for the orbifold braid group of the orbifold C(k,m; q).
Proof of Theorem 2.3. We start with the following definition of a class of groups,
which contains the class of groups C defined in [[14], Definition 3.1].
Definition 5.1. Let D denote the smallest class of groups satisfying the following
conditions.
1. The fundamental group of any connected manifold of dimension ≤ 3 belongs
to D.
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2. If H is a subgroup of a group G, then G ∈ D implies H ∈ D. This reverse
implication is also true if H is of finite index in G.
3. If G1, G2 ∈ D then G1 ×G2 ∈ D.
4. If {Gi}i∈I is a directed system of groups and Gi ∈ D for each i ∈ I, then the
limi∈I Gi ∈ D.
5. Let 1 // K // G
p
// H // 1
be a short exact sequence of groups. If K, H and p−1(C), for any infinite cyclic
subgroup C of H , belong to D then G also belongs to D.
6. If a group G has a normal subgroup H , so that H is free and G/H is infinite
cyclic, then G belongs to D.
Note that, Definition 3.1 in [14] did not have the condition 6. In [[14], Theorem
3.3] we noted that the Farrell-Jones isomorphism conjecture with coefficients, and
finite wreath product is true for any group belonging to the class C. Two recent
papers ([3] and [18]) help us to conclude that the conjecture is true for any member
of D. In 6, when H is finitely generated, then the conjecture is proved in [3], and
it is generalized for arbitrary free group case in [18].
We will now prove that, the orbifold braid group of the orbifoldC(k,m; q) belongs
to D.
Recall the following exact sequence from Remark 2.4. Here, S is the orbifold
C(k,m; q).
1 // piorb1 (F ) // pi
orb
1 (PBn(S)) // pi
orb
1 (PBn−1(S)) // 1.
Where F = S − {(n− 1)− regular points}.
Note that, piorb1 (Bn(C(k,m; q))) contains pi
orb
1 (PBn(C(k,m; q))) as a subgroup of
finite index, and hence, by 2, it is enough to prove that piorb1 (PBn(C(k,m; q))) ∈ D.
The proof is by induction on n. Note that, for n = 1, piorb1 (PBn(C(k,m; q))) ≃
piorb1 (C(k,m; q)), which is virtually finitely generated free (see Corollary 2.1), and
hence by 1 and 2, piorb1 (C(k,m; q)) ∈ D. By the same argument pi
orb
1 (F ) ∈ D. We
would like to use 5 now. Therefore, we assume piorb1 (PBn−1(C(k,m; q))) ∈ D and
let C be an infinite cyclic subgroup of piorb1 (PBn−1(C(k,m; q))). The inverse image
of C under the surjective homomorphism in the above display is an extension of
piorb1 (F ) by C, that is, isomorphic to the semi-direct product pi
orb
1 (F ) ⋊ C. Since,
piorb1 (F ) has a finitely generated free subgroup of finite index, it is easy to deduce
that it has a finitely generated free characteristic subgroup K (say) of finite index.
Therefore, the action of C on piorb1 (F ) preserves K and hence, K ⋊C is a subgroup
of piorb1 (F )⋊C of finite index. Therefore, pi
orb
1 (F )⋊C ∈ D using 6 and 2 and hence,
piorb1 (PBn(C(k,m; q))) ∈ D by 5.
Now, we see using [[1], Table 1.1], that the Artin group of type D˜n is a subgroup
of the orbifold braid group of C(0, 2; q), where q1 = q2 = 2. Therefore, the Artin
group of type D˜n belongs to D, using 2.
This completes the proof of the theorem. 
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